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1. INTRODUCTION
w xIn Li5 we initiated a program to apply the physical superselection
principle in vertex operator algebra theory. As one of the results, all
 .simple current modules defined in Section 2 except one were constructed
 .by deforming the adjoint module for vertex operator algebras L l, 0
associated to unitary highest weight modules for affine algebras. In this
paper, we shall apply this result to prove the existence and the rationality
 .of extensions for vertex operator algebras L l, 0 .
 .Let V be a regular vertex operator algebra defined in Section 2
and let h be a weight-one primary semisimple element of V such that
  44h , 1 N n g Z y 0 gives rise to a Heisenberg algebra. Setn
` hn ynh0D h , z s z exp yz . .  . /ynns1
w xThen it was proved in Li5 that for any V-module
M , Y ?, z , M , Y D h , z ? , z .  . . .  .M M
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 .is a weak V-module, which is isomorphic to a tensor product module of
Ä Äw x w x   ..M with V in the sense of HL and Li4 , where V, Y ?, z sÄV
   . .. V, Y D h, z ? , z . It was pointed out by the referee that this change of
.vertex operators for the Virasoro algebra was essentially known. This
   . ..  w x.implies that V, Y D h, z ? , z is a simple current cf. SY ; i.e., the
Ätensor functor associated to V gives a permutation on the set of equiva-
 .lence classes of irreducible V-modules. In particular, if V s L l, 0
associated to an affine Lie algebra g, it follows that if the fundamentalÄ
 .dominant integral weight l is cominimal and l is a positive integer,i
 .  .L l, ll is a simple current L l, 0 -module.i h w xThe famous moonshine module vertex operator algebra V FLM is the
first mathematically rigorous construction of Z -orbiford theory, which was2
constructed by using a vertex operator algebra together with an irreducible
h w xZ -twisted module. Later, the rationality of V was proved in D3 . As a2
vertex operator algebra, V h is an extension of a vertex operator subalgebra
w xby a simple module. Recently Huang Hua2 gave a conceptual construc-
tion. In general, it is an important problem to prove the existence and the
rationality of the extension by a certain simple module for a vertex
operator algebra.
In this paper, we consider a relatively simple case. Let V be a regular
 .vertex operator algebra defined in Section 2 and let W be an irreducible
  ..    . ..self-dual V-module such that W, Y ?, z , W, Y D h, z ? , z forW W
some weight-one primary semisimple element h of V. Then we prove that
 .V [ W has a natural vertex operator super algebra structure. Further-
more, we classify all irreducible modules for V [ W and prove that V [ W
is regular. The main idea is to use the connection between V and W so
that we can transform any vector of V [ W into V. This is analogous to
h w xthe spirit in the construction of V FLM .
As an illustrative example, we consider the vertex operator algebra
 . L l, 0 associated to the affine Lie algebra s l . All results have beenÄ 2
w x .  .  .greatly extended in DLM1 . Our results imply that L l, 0 [ L l, lr2 is a
regular vertex operator algebra if l is a positive integral multiple of 4 and
 .  .that L l, 0 [ L l, lr2 is a regular vertex operator superalgebra if l is a
 .positive odd integral multiple of 2. In the notation of L l, lr2 , lr2 is the
 .spin number half of the weight in terms of physical language. These
 w x.results are known to physicists cf. MS . However, our proof is complete
and mathematically rigorous in terms of vertex operator algebra language.
This paper is organized as follows: In Section 2 we introduce some
definitions and review some results. In Section 3, we prove the existence of
 .extended vertex operator super algebra. In Section 4, we study the exten-
sion of modules. In Section 5, we prove the regularity of the extended
 .vertex operator super algebra and give a concrete example.
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2. PRELIMINARIES
In this paper, we shall use the standard notations and definitions such as
 .  .vertex operator super algebra, irreducible module, contragredient mod-
ule, homomorphism, isomorphism, and intertwining operator. For these we
w x w x w x w xrefer the reader to FHL , FLM , FFR , T . We also introduce some
relatively new definitions such as rationality, weak module, simple current
module, and regularity.
  ..A weak V-module is a pair M, Y ?, z satisfying all the axioms for aM
w x w x.module FHL , FLM except that no grading on M is assumed. As usual,
without confusion we shall just use M for the weak module.
A lower truncated Z-graded weak V-module is a weak V-module M
 .  .together with a Z-grading M s [ M n such that M n s 0 for suffi-ng Z
ciently small integer n and that
a M m : M m q k y n y 1 for a g V , m , n , k g Z. .  .n k
If any lower truncated Z-graded weak V-module is a direct sum of
irreducible Z-graded weak V-modules, we say V is rational. If any weak
 .V-module W is a direct sum of irreducible ordinary V-modules, we say V
is regular. By definition, regularity is stronger than rationality.
w xIt was proved in DLM2 that vertex operator algebras V , associated toL
 .a nondegenerate even lattice L, L l, 0 , associated to standard modules of
 .a positive integral level l for an affine Lie algebra g, L c, 0 , associated toÄ
unitary highest weight Virasoro modules with central charge 0 - c - 1,
and V h, Frenkel, Lepowsky, and Meurman's moonshine module, are regu-
 w xlar. That is, all currently known rational vertex operator algebras cf. D1 ,
w x w x w x w x w x.DL , DMZ , FZ , Li2 , W are regular. So it is believed that rationality
and regularity are the same.
w xLet M be a V-module and let M9 be the contragredient module FHL .
 .If M is V-isomorphic to M9, M is said to be self-dual. Let W i s 1, 2, 3i
be three V-modules. Then we denote the vector space of all intertwining
W W3 3 w x w x.operators of type by I . Then it was proved HL , Li4 /  /W W W W1 2 1 2
that
W W W X3 3 2I , I , I . 2.1 .X /  /  /W W W W W W1 2 2 1 1 3
Suppose that the adjoint module V is self-dual a necessary and sufficient
w x.condition was found in Li1 and that M is a V-module. Then
M9 M9 V 9 VI , I , I , I . 2.2 . /  /  /  /VM MV MM MM
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w xIt was proved in Li1 that
M9I , Hom M , M9 . 2.3 .  .V /VM
Therefore
VHom M , M9 , I . .V  /MM
Then it follows that an irreducible V-module M is self-dual if and only if
V Vdim I s 1 or I / 0. /  /MM MM
Recall the definition of tensor product for modules for a vertex operator
w x  w x w x .algebra V from Li4 see HL , HUA1 for a different version .
DEFINITION 2.1. Let M 1 and M 2 be two V-modules. A tensor product
 1 2 .   ..for the ordered pair M , M is a pair M, F ?, z consisting of a
M .V-module M and an intertwining operator F ?, z of type such1 2 /M M
that the following universal property holds: For any V-module W and any
W .intertwining operator I ?, z of type , there exists a unique V-1 2 /M M
 .  . homomorphism c from M to W such that I ?, z s c ( F ?, z . Here c
 4  4 .extends canonically to a linear map from M z to W z .
 w x.The following definition is due to physicists cf. SY .
DEFINITION 2.2. Let V be a vertex operator algebra. An irreducible
V-module M is called a simple current if for any irreducible V-module W,
there exists a tensor product module of W and M, which is irreducible.
 .LEMMA 2.3. Let W i s 1, 2 be two irreducible V-modules, let W be ai 3
W3 .V-module, and let I ?, z be a nonzero intertwining operator of type  /W W1 2
 .such that all the coefficients of I u, z for u g W , ¨ g W linearly span W .1 2 3
If either W or W is a simple current module, then W is irreducible and the1 2 3
  .  .pair W , I ?, z is a tensor product for W , W . Consequently, the fusion of3 1 2
the corresponding type is one.
  ..  .Proof. Let W, F ?, z be a tensor product for W , W . Then from the1 2
universal property there is a V-homomorphism f from W to W such that3
I u , z ¨ s fF u , z ¨ for u g W , ¨ g W . .  . 1 2
 .Since all the coefficients of I u, z u for u g W , ¨ g W linearly span W ,1 2 3
f is onto. Because W is irreducible, f is a V-isomorphism. Then it is easy
  ..  .to see that W , I ?, z is also a tensor product. Furthermore, if I ?, z is3 1
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W3an intertwining operator of type , then there is a V-endomorphism /W W1 2
 .  .g of W such that I ?, z s gI ?, z . Since W is irreducible, by the Schur3 1 3
lemma g is a constant. This proves that the corresponding fusion rule is
one. Then the proof is complete.
Let V be a vertex operator algebra and let h g V such that
L n h s d h , h h s d g 1, for any n g Z , 2.4 .  .n , 0 n n , 1 q
where g is a fixed integer, and that h semisimply acts on V with integral0
eigenvalues. Then from the Jacobi identity or the commutator formula
w x w x.B , FLM we get
w xh , h s mgd for m , n g Z. 2.5 .m n mqn , 0
w xSet L s  Ch [ C. Then L is a Lie algebra. It was proved in Li5ng Z n
that if V is regular, h semisimply acts on any weak V-module.0
 .From now on, we also freely use h n for h . For any a g Q, setn
` a h "k .
" . kE a h , z s exp z . 2.6 .  . /kks1
w xThen from LW we have
yg a bz2q y y qE a h , z E b h , z s 1 y E b h , z E a h , z . .  .  .  .1 2 2 1 /z1
2.7 .
Define
` h k . ykh0. h0. q  4D h , z s z exp yz s z E yh , yz g U L z . .  .  .  . /ykks1
2.8 .
w xThe following proposition was proved in Li5 .
 .PROPOSITION 2.4. Let D h, z be defined as abo¨e.
Ä .   ..   ..1 Let W, Y ?, z be any V-module. Then W, Y ?, z [ÄW W
   . ..W, Y D h, z ? , z is a weak V-module.W
 . i  .  .2 Let M i s 1, 2, 3 be three V-modules and let I ?, z be an
M 3 Ä .   . .intertwining operator of type . Then I ?, z s I D z ? , z is an1 2 /M M
Ä3Mintertwining operator of type .
1 2 /ÄM M
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 .3 Let c be a V-homomorphism from a V-module W to another
ÄV-module M. Then c is also a V-homomorphism from the V-module W to the
ÄV-module M.
 .   ..  1 2 .4 Let W, F ?, z be a tensor product for a pair M , M of
Ä Ä 1 Ä 2  ..  .V-modules. Then W, F ?, z is a tensor product of the pair M , M .
ÄCOROLLARY 2.5. Let M be a V-module. Then M is isomorphic to the
Ä    . ..tensor product module of M with V. In particular, V, Y D h, z ? , z is a
simple current V-module.
EXAMPLE. Let g be a finite-dimensional simple Lie algebra with a fixed
 4Cartan subalgebra H, let a , . . . , a be a set of positive roots, and let1 n
 4 ne , f , h N i s 1, . . . , n be the Chevalley generators. Let u s  a a bei i i is1 i i
the highest positive root and let V be the dual Coxeter number of g. Let
 :  :? , ? be the normalized Killing form on g such that u , u s 2. Let li
 .i s 1, . . . , n be the fundamental weights of g and let P be the set ofq
w xdominant integral weights of g. Recall from Hum that a dominant
integral weight l is said to be minimal if it is minimal in P . l is said toq
w x kbe cominimal FG if l is minimal for the dual Lie algebra. From the
w xtable in K , l is cominimal if and only if a s 1. Let g be the affine LieÄi i
w x  .algebra K . For any complex number l and any weight l of g, let L l, l
be the irreducible highest weight g-module of level l with lowest weight l.Ä
 w x.  .It is well known cf. FZ that L l, 0 has a natural vertex operator algebra
w xstructure if l / yV. The following proposition was proved in Li5 .
 .PROPOSITION 2.6. For any positi¨ e integer l, L l, ll is a simple currenti
 .L l, 0 -module if l is cominimal.i
3. EXTENSION OF CERTAIN VERTEX OPERATOR
ALGEBRAS
The main goal of this section is to prove the existence of the extension
by a self-dual simple current module for certain vertex operator algebras.
The study of extension of a vertex operator algebra by a self-dual irre-
w xducible module with integral weights was initiated in FHL , where the
following proposition was proved:
w xPROPOSITION 3.0 FHL . Let V be a self-dual ¨ertex operator algebra and
let M be a self-dual V-module with integral weights. Then the Jacobi identity
for three elements in V j M consisting of at most two elements of M holds.
In this section, our main goal is to prove that if V is a regular vertex
Ä .operator algebra and h g V satisfies 2.4 such that g is an integer and V
Ä Ä .is self-dual, then V [ V is a vertex operator super algebra. Since V is a
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ÄÄ Ä .tensor product module of V with V, by Proposition 2.4 4 , V is a tensor
ÄÄ Ä Äproduct module of V with itself. Thus V is self-dual if and only if V is
V-isomorphic to V.
 .From now on, we assume that h g V satisfies 2.4 such that g is an integer
ÄÄand V is isomorphic to the adjoint module V. From Section 2, for any
Ä  ..  .   ..V-module M, Y ?, z , we have a weak V-module M, Y ?, z sÄM M
   . ..  .M, Y D h, z ? , z . This yields a linear isomorphism the identity mapM
Äc from M onto M such thatM
Äc Y a, z u s Y D h , z a, z c u for a g V , u g M . 3.1 .  .  .  . .  .M M
 .y1  .  .Since D h, z s D yh, z , 3.1 is equivalent to
c Y D yh , z a, z u s Y a, z c u . 3.2 .  .  .  . . .M M
ÄÄLet p be an isomorphism from V onto V and set f s c p . Since cÄ Ä0 V V 0 V
ÄÄ Äis a linear isomorphism from V onto V, f is a linear isomorphism from VV
Äonto V such that
f Y a, z b s Y D h , z a, z f b , 3.3 .  .  .  . .  .V V
or equivalently
f Y D yh , z a, z b s Y a, z f b for a, b g V . 3.4 .  .  .  . . .V V
Ä ÄDEFINITION 3.1. Set V s V [ V. For any u g V, a g V we define
z Ly1.Y u , z a [ e Y a, yz u , 3.5 .  .  .
Äand for any u, ¨ g V, we define
y1 y1 y1Y u , z ¨ [ p c Y D h , z u , z c ¨ s f Y D h , z u , z c ¨ . .  .  .  .  . .  .Ä0 V V V V
3.6 .
ÄV .  .By Proposition 2.4 2 , Y ?, z are intertwining operators of types  /ÄVV
V
and , respectively. /ÄÄVV
LEMMA 3.2. The following identities hold.
` h k . kzL1.yh1.. yz L1. qe e s exp yz s E h , yz , 3.7 .  .  . /kks1
` h yk .
zLy1.qhy1.. yz Ly1. k ye e s exp z s E h , z . 3.8 .  . /kks1
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Proof. Set
` h k . kzL1.yh1.. yz L1.X z s e e exp yz . 3.9 .  .  . /ykks1
 .  .  .Since X z s 1 when z s 0, it is sufficient to prove that drdz X z s 0.
 . w  .  .x  .It follows from the Jacobi identity and 2.4 that L 1 , h k s ykh k q 1
for k g Z. Then using induction on n we get
n n!n nykh 1 L 1 s L 1 h k q 1 . 3.10 .  .  .  .  . n y k ! .ks0
Thus
`
z L1. z L1. ky1h 1 e s e h k z . 3.11 .  .  .
ks1
 .Using 3.11 we obtain
`d h k . kzL1.yh1.. yz L1.X z s e L 1 y h 1 e exp yz .  .  .  . .  /dz ykks1
` h k . kzL1.yh1.. yz L1.y e L 1 e exp yz .  . /ykks1
`
ky1q X z h k yz .  .  .
ks1
` h k . kzL1.yh1.. yz L1.s ye h 1 e exp yz .  . /ykks1
`
ky1q X z h k yz .  .  .
ks1
`
ky1zL1.yh1.. yz L1.s ye e h k yz .  . /
ks1
` `h k . k ky1
= exp yz q X z h k yz .  .  .  .  /ykks1 ks1
s 0. 3.12 .
 .  .This proves the first identity. Using the symmetry L 1 ¬ yL y1 ,
 .  .h k ¬ h yk for k s 1, 2, . . . , one can obtain the second identity.
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 . y1Since D h, z h s h q z g , we get
c h n s h n q d g c .  . .W n , 0 W
f h n s h n q d g f for n g Z. 3.13 .  .  . .W n , 0 W
" .  .Then from the definition of E h, z and D h, z we obtain
f E" h , z s E" h , z f , c E" h , z s E" h , z c ; 3.14 .  .  .  .  .W W W W
c D h , z s zgD h , z c , f D h , z s zgD h , z f . 3.15 .  .  .  .  .W W W W
LEMMA 3.3. Let W be any V-module. Then the following identities hold.
c e z Ly1.cy1eyz Ly1. s Ey h , z , .W W
e z Ly1.c eyz Ly1.cy1 s Ey yh , z , 3.16 .  .W W
f e z Ly1.fy1eyz Ly1. s Ey h , z , .W W
e z Ly1.f eyz Ly1.fy1 s Ey yh , z . 3.17 .  .W W
Proof. By a simple calculation we get
1 1y1 y2 y1 y2D h , z v s v q z h q g z , D yh , z v s v y z h q g z . .  .2 2
3.18 .
 .  .Then from 3.1 and 3.2 we obtain
c L y1 s L y1 q h y1 c , .  .  . .W W
L y1 c s c L y1 y h y1 . 3.19 .  .  .  . .W W
Thus
c e z Ly1.cy1 s e zLy1.qhy1.. , cy1e z Ly1.c s e zLy1.yhy1.. .W W W W
3.20 .
By Lemma 3.2 we obtain
c e z Ly1.cy1eyz Ly1. s Ey h , z , .W W
fy1e z Ly1.f eyz Ly1. s Ey yh , z . .W W
Similarly, one can prove the identities for f .W
LEMMA 3.4.
 .a For any a, b g V, we ha¨e
2 2yY c f a, z b s E yh , z c f Y a, z D yh , yz b. 3.21 .  .  .  .  .V V V V
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Ä .b For any u g V, a g V, we ha¨e
y y1Y u , z a s E yh , z Y D h , z f u , z f D yh , yz a. 3.22 .  .  .  .  .  . .V V
Ä .c For any u, ¨ g V, we ha¨e
yg y y1Y u , z ¨ s z E yh , z Y D h , z f u , z D yh , yz c ¨ . .  .  .  .  .  . .V V
3.23 .
w x w x.Proof. Using the skew-symmetry B , FHL
Y u , z ¨ s e z Ly1.Y ¨ , yz u .  .
and Lemma 3.3, we obtain
z Ly1.Y c f a, z b s e Y b , yz c f a .  .V V V V
2z Ly1.s e c f Y D yh , yz b , yz a . .V V
2z Ly1. yz Ly1.s e c f e Y a, z D yh , yz b .  .V V
2 2ys E yh , z c f Y a, z D yh , yz b. 3.24 .  .  .  .V V
Similarly we obtain
z Ly1.Y u , z a s e Y a, yz u .  .
s e z Ly1.f Y D yh , yz a, yz fy1 u .  . .V V
s e z Ly1.f eyz Ly1.Y fy1 u , z D yh , yz a .  . .V V
s e z Ly1.f eyz Ly1.fy1 Y D h , z fy1 u , z f D yh , yz a .  .  . .V V V V
s Ey yh , z Y D h , z fy1 u , z f D yh , yz a. 3.25 .  .  .  .  . .V V
ÄFor any u, ¨ g V, we get
y1Y u , z ¨ s f Y D h , z u , z c ¨ .  .  . .V V
s fy1e z Ly1.Y c ¨ , z D h , z u .  . .V V
s fy1e z Ly1.f Y D yh , yz c ¨ , yz fy1D h , z u .  .  . .V V V V
s fy1e z Ly1.f eyz Ly1.Y fy1D h , z u , z D yh , yz c ¨ .  .  . .V V V V
s Ey yh , z Y fy1D h , z u , z D yh , yz c ¨ .  .  .  . .V V
s zyg Ey yh , z Y D h , z fy1 u , z D yh , yz c ¨ . .  .  .  .  . .V V
3.26 .
This proves the lemma.
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LEMMA 3.5. For any a g V, the following identity holds.
Y Ey h , z a, z s Ey h , z q z Ey yh , z Y a, z .  .  .  . .1 2 1 2 2 2
 .h 0yh0. q q= z E h , z z q z E yh , z q z . 3.27 .  .  .  .2 2 2 1 2 1
Proof. It is equivalent to proving that
 .yh 0y y qE yh , z q z Y E h , z a, z z q z E h , z q z .  .  .  . .1 2 1 2 2 1 2 1
s Ey yh , z Y a, z zyh 0.Eq h , z . 3.28 .  .  .  .2 2 2 2
Since it is true when z s 0, it is enough for us to prove that partial1
derivatives for both sides with respect to the variable z are equal. For any1
positive integer k and for any u g V, from the Jacobi identity we get
`
iykY h yk u , z s yz h yk y i Y u , z .  .  .  . . 2 2 2 /i
is0
ykyiy yz Y u , z h i . 3.29 .  .  .  ..2 2
i y k k y 1i .Using the binomial coefficient formulas s y1 and /  /i i
yi yk y 1kq iy1 y .  .  .s y1 , then using 3.29 for u s E h, z a we1 /  /k i y 1
obtain
­
yY E h , z a, z . .1 2­ z1
`
ky1 ys Y z h yk E h , z a, z .  . 1 1 2 /
ks1
`
ky1 ys z Y h yk E h , z a, z .  . . 1 1 2
ks1
` `
iyk ky1s z yz h yk y i Y u , z .  .  .  1 2 2 /i
ks1 is0
` `
ykyiyk ky1y z yz Y u , z h i .  .  .  1 2 2 /i
ks1 is0
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` `
ii y k ky iy1s z yz h yk Y u , z .  .  .  1 2 2 /i
ks1 is0
`
ykky1y z yz Y u , z h 0 .  .  . 1 2 2
ks1
` `
ykyiyk ky1y z yz Y u , z h i .  .  .  1 2 2 /i
ks1 is1
` `
i ik y 1 ky iy1s y1 z yz h yk Y u , z .  .  .  .  1 2 2 /i
ks1 is0
y1q z q z Y u , z h 0 .  .  .2 1 2
` `
yiykyi iy1y z yz Y u , z h k .  .  .  1 2 2 /k
ks1 is1
`
ky1 y1s z q z h yk Y u , z q z q z Y u , z h 0 .  .  .  .  .  . 1 2 2 2 1 2
ks1
` `
kq iy1 yiykyk y 1 iy1y y1 z yz Y u , z h k .  .  .  .  1 2 2 /i y 1
ks1 is1
`
ky1 y1s z q z h yk Y u , z q z q z Y u , z h 0 .  .  .  .  .  . 1 2 2 2 1 2
ks1
`
yky1q z q z Y u , z h k . 3.30 .  .  .  . 2 1 2
ks1
Therefore
­
y yE yh , z q z Y E h , z a, z .  . .1 2 1 2­ z1
 .yh 0 q= z q z E h , z q z s 0. 3.31 .  .  .2 1 2 1
Then the proof is complete.
LEMMA 3.6. For a g V, we ha¨e
Ey h , z Y a, z Ey yh , z s Y D yh , z y z D h , z a, z . .  .  .  .  . .1 2 1 2 1 2 2
3.32 .
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Proof. For any a g V, we have
` yk ykyih yk , Y a, z s z Y h i a, z . 3.33 .  .  .  . .  /i
is0
yk yiiqk .  .Noticing that 1rk s y1 for any nonnegative integers k /  /i k
and i, we have
` h yk .
kz , Y a, z . 1 2kks1
` ` 1 yk k ykyis z z Y h i a, z . .  1 2 2 /ikks1 is0
` 1
k yks z z Y h 0 a, z . . 1 2 2kks1
` ` 1 yk k ykyiq z z Y h i a, z . .  1 2 2 /ikks1 is1
z1s ylog 1 y Y h 0 a, z . .2 /z2
` ` 1iqk yi k ykyiq y1 z z Y h i a, z .  . .  1 2 2 /kiks1 is1
z1s ylog 1 y Y h 0 a, z . .2 /z2
` 1 yi yiq yz q z y yz Y h i a, z . 3.34 .  .  .  . . . 2 1 2 2iis1
Then
Ey h , z Y a, z Ey yh , z .  .  .1 2 1
 .yh 0z1 q qs Y 1 y E h , yz q z E yh , yz a, z .  .2 1 2 2 / /z2
s Y D yh , z y z D h , z a, z . 3.35 .  .  . .2 1 2 2
Now we are ready to prove our main theorem.
THEOREM 3.7. Let V be a regular ¨ertex operator algebra and let h g V
Ä .  .satisfying the conditions 2.4 with an integer g . Then a if g is e¨en, V [ V
Ä .is a ¨ertex operator algebra, and b if g is odd, V [ V is a ¨ertex operator
superalgebra.
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w xProof. From FHL , we need only prove the Jacobi identity for three
Ä  .  ..module elements. For any u, ¨ , w g V, since Y ¨ , z w g V z , using
 .  .Lemmas 3.4 b , c and 3.6 we obtain
Y u , z Y ¨ , z w .  .1 2
y y1s E yh , z Y D h , z f u , z f D yh , yz Y ¨ , z w .  .  .  .  . .1 1 V 1 V 1 2
s Ey yh , z Y D h , z fy1 u , z f D yh , yz .  .  .  . .1 1 V 1 V 1
= zyg Ey yh , z Y D h , z fy1 ¨ , z D yh , yz c w .  .  .  . .2 2 2 V 2 2 V
gz2y y1 y ygs E yh , z Y D h , z f u , z E yh , z 1 y z .  .  .  . .1 1 V 1 2 2 /z1
= f D yh , yz Y D h , z fy1 ¨ , z D yh , yz c w .  .  .  . .V 1 2 V 2 2 V
s Ey yh , z Ey yh , z Y D yh , z y z .  .  .1 2 1 2
gz22 y1 yg=D h , z f u , z 1 y z .  . .1 V 1 2 /z1
= f D yh , yz Y D h , z fy1 ¨ , z D yh , yz c w .  .  .  . .V 1 2 V 2 2 V
s Ey yh , z Ey yh , z Y D yh , z y z .  .  .1 2 1 2
gz22 y1 yg=D h , z f u , z 1 y z .  . .1 V 1 2 /z1
= f Y D yh , yz q z D h , z fy1 ¨ , z .  . .V 1 2 2 V 2
= D yh , yz D yh , yz c w .  .  .1 2 V
s Ey yh , z Ey yh , z Y D yh , z y z .  .  .1 2 1 2
gz2 g2 y1 yg=D h , z f u , z 1 y z yz .  ..1 V 1 2 1 /z1
g y1= yz f Y D yh , yz q z D h , z f ¨ , z .  .  . .2 V 1 2 2 V 2
= c D yh , yz D yh , yz w .  .V 1 2
s f c Ey yh , z Ey yh , z Y D yh , z y z .  .  .V V 1 2 1 2
gy1=f u , z z y z .  ..V 1 1 2
= Y D yh , yz q z fy1 ¨ , z D yh , yz D yh , z w. .  .  . .1 2 V 2 1 2
3.36 .
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Symmetrically, we have
Y ¨ , z Y u , z w .  .2 1
s f c Ey yh , z Ey yh , z .  .V V 1 2
gy1= Y D yh , z y z f ¨ , z z y z .  . .2 1 V 2 2 1
= Y D yh , yz q z fy1 u , z D yh , z D yh , yz w. .  .  . .2 1 V 1 1 2
3.37 .
Then
z y z1 2y1z d Y u , z Y ¨ , z w .  .0 1 2 /z0
z y z2 1g y1y y1 z d Y ¨ , z Y u , z w .  .  .0 2 1 /yz0
z y z1 2y1 y y gs z d f c E yh , z E yh , z z .  .0 V V 1 2 0 /z0
= Y D yh , z fy1 u , z Y D yh , yz fy1 ¨ , z C .  . .  .0 V 1 0 V 2
z y z2 1y1 y y gy z d f c E yh , z E yh , z z .  .0 V V 1 2 0 /yz0
= Y D yh , yz fy1 ¨ , z Y D yh , z fy1 u , z C .  .  . .  .0 V 2 0 V 1
z y z1 0y1 y ys z d f c E yh , z E yh , z .  .2 V V 1 2 /z2
= zg Y Y A , z B , z C , 3.38 .  . .0 0 2
where
A s D yh , z fy1 u , B s D yh , yz fy1 ¨ , .  .  .  .0 V 0 V
C s D yh , yz D yh , yz w. 3.39 .  .  .1 2
 .On the other hand, using Lemmas 3.4 a and 3.5 we obtain
z y z1 0y1z d Y Y u , z ¨ , z w . .2 0 2 /z2
z y z1 0y1 y y1s z d Y E yh , z Y f D h , z u , z .  . .2 0 V 0 0 /z2
=D yh , yz c ¨ , z w .  . .0 V 2
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z y z1 0y1 y ys z d E yh , z q z E h , z .  .2 0 2 2 /z2
= Y Y fy1D h , z u , z D yh , yz c ¨ , z .  .  . . .V 0 0 0 V 2
 .yh 0h0. q q= z E yh , z z q z E h , z q z w .  .  .2 2 2 0 2 0
z y z1 0y1 y ys z d E yh , z q z E h , z .  .2 0 2 2 /z2
= Y Y fy1D h , z u , z D yh , yz c ¨ , z .  .  . . .V 0 0 0 V 2
= D h , yz D yh , yz y z w .  .2 2 0
z y z1 0y1 y y ygs z d E yh , z E h , z z .  .2 1 2 0 /z2
= Y Y D h , z fy1 u , z D yh , yz c ¨ , z .  .  .  . . .0 V 0 0 V 2
= D h , yz D yh , yz w .  .2 1
z y z1 0 2gy1 y y ygs z d E yh , z E h , z z yz .  .  .2 1 2 0 0 /z2
= Y Y D h , z fy1 u , z c f D yh , yz fy1 ¨ , z .  .  .  . . .0 V 0 V V 0 V 2
= D h , yz D yh , yz w .  .2 1
z y z1 0y1 y y gs z d E yh , z E h , z z .  .2 1 2 0 /z2
= Y c f Y D yh , z fy1 u , z D yh , z fy1 ¨ , z .  .  .  . . .V V 0 V 0 0 V 2
= D h , yz D yh , yz w .  .2 1
z y z1 0y1 y y gs z d c f E yh , z E yh , z z .  .2 V V 1 2 0 /z2
= Y Y D yh , z fy1 u , z D yh , yz fy1 ¨ , z .  .  .  . . .0 V 0 0 V 2
= D yh , yz D yh , yz w. 3.40 .  .  .2 1
Therefore, the Jacobi identity holds. Then the proof is complete.
Remark 3.8. Under the assumption of Theorem 3.7, suppose that V is a
Äsimple vertex operator algebra. Then V s V [ V is a completely reducible
ÄV-module. Let P and P be the projection maps from V onto V and V,0 1
respectively. Then P and P are V-homomorphisms. Let W be any0 1
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irreducible V-submodule of V. Then P and P are V-homomorphisms0 1
Ä Äfrom W to V and V, respectively. Thus, if V as a V-module is not
 .  .isomorphic to V, either P W s 0 or P W s 0, so that W s V or0 1
ÄW s V. Therefore, if V as a V-module is not isomorphic to V, V is a
simple vertex operator superalgebra.
< <We define a linear endomorphism s of V by s s 1, s s y1. ThenÄV V
it is clear that s is an order-two automorphism of the vertex operator
algebra V.
4. EXTENDING A V-MODULE TO A V-MODULE
In this section we shall extend any irreducible V-module W to a
V-module or a s-twisted V-module W. This result will be used in the
classification of irreducible V-modules in Section 5.
ÄÄRecall that p is a V-isomorphism from V onto V. Let W be any0
ÄÄV-module. Then we shall show that W is isomorphic to W as a V-module.
For simplicity we shall prove this only for an irreducible V-module W.
PROPOSITION 4.1. Let W be an irreducible V-module. Then the linear map
ÄÄ  4I ?, z : V ª Hom W , W z ; .  .
I a, z w s e z Ly1.cy1cy1eyz Ly1.Y c c p a , z D 2h , yz w 4.1 .  .  .  . .Ä ÄW W W V V 0
ÄÄW  .is a nonzero intertwining operator of type . Consequently, t [ I 1, zW /VWÄÄis a V-isomorphism from W onto W.
 .  .Proof. We shall construct I ?, z from the intertwining operator Y ?, zW
through the sequence
ÄÄ Ä ÄWW W Ä ÄW Wª ª ª ª . 4.2 . /  /  /  /VW WV  /Ä WV VWÄWV
W .Starting from the intertwining operator Y ?, z of type we have anW  /VW
 . w xintertwining operator I ?, z defined as FHL1
I w , z a s e z Ly1.Y a, yz w for any a g V , w g W . 4.3 .  .  .1 W
 .  .  .Since Y ?, z is not zero, I ?, z is not zero either. By Proposition 2.4 2 ,W 1
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ÄÄW .we have an intertwining operator I ?, z of type defined by2  /ÄÄWV
y1 y1 ÄÄI w , z u s c c I D 2h , z w , z c c u for any y g V , w g W . .  . . Ä2 W W 1 V V
4.4 .
ÄÄUsing the isomorphism p from V onto V, we obtain an intertwining0
ÄÄW .operator I ?, z of type defined as3  /WV
I w , z a s I w , z p a for any w g W , a g V . 4.5 .  .  .3 2 0
ÄÄW .Finally, we obtain an intertwining operator I ?, z of type defined by /VW
I a, z w s e z Ly1.I w , yz a for any a g V , w g W . 4.6 .  .  .3
Composing all intertwining operators together we obtain
I a, z w s e z Ly1.I w , yz a .  .3
s e z Ly1.I w , yz p a .  .2 0
s e z Ly1.cy1cy1I D 2h , yz w , yz c c p a .  . .Ä ÄW W 1 V V 0
z Ly1. y1 y1 yz Ly1.s e c c e Y c c p a , z D 2h , yz w. 4.7 .  .  . .ÄW W W V V 0
Because
d
I 1, z s I L y1 1, z s 0, 4.8 .  .  . .
dz
ÄÄ . w  .  .xI 1, z is a constant linear map from W to W. Since Y a, z , I 1, z s 01
Ä ÄÄ Ä .for any a g V, I 1, z is a V-homomorphism from W to W. Since W and W
 .are irreducible V-modules, I 1, z is a V-isomorphism. Then the proof is
complete.
Let W be an irreducible V-module with finite-dimensional homoge-
.  .neous subspaces . Since h 0 preserves each homogeneous subspace of M
 .  .  .and h 0 is semisimple on V, h 0 acts semisimply on W. Suppose that h 0
has only rational eigen¨alues on W. Set f s c p . That is, f is a linearÄW W W W
Äisomorphism from W onto W such that
f Y a, z w s Y D h , z a, z f w for a g V , w g W . 4.9 .  .  .  . .  .W W
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Ä Ä ÄNext we shall make W [ W [ W be a V-module or a s-twisted V-
ÄWmodule. In order to do this we need intertwining operators of types  /ÄVW
W
and . /Ä ÄVW
w x  .a ap iFollowing DL , for any a g Q we define yz s e . For any a g V,
 . z Ly1.  .  .w g W, define F u, z a s e Y a, yz u. Then F ?, z is an inter-W
W Ätwining operator of type . For any u g V, w g W, define /WV
 . y1   . .  .  .F w, z u s c F D h, z w, z c u . Then from Proposition 2.4 2 ,1 W V
ÄW Ä .F ?, z is an intertwining operator of type . For any u g V, w g W1  /ÄWV
 . z Ly1.  .  .we define Y u, z w s e F w, yz u. Then Y ?, z is an intertwining1
ÄWoperator of type . That is, /ÄVW
Y u , z w s e z Ly1.F w , yz u .  .1
s e z Ly1.cy1F D h , yz w , yz c u .  . .W V
s e z Ly1.cy1eyz Ly1.Y c u , z D h , yz w .  . .W W V
s Ey h , z cy1 Y c u , z D h , yz w. 4.10 .  .  .  . .W V
ÄWThen we obtain an intertwining operator of type . /ÄVW
Ä .  .From Proposition 2.4 2 , we obtain an intertwining operator Y ?, z of
ÄÄW y1 Ä .  .type . Then Y ?, z [ p Y ?, z is an intertwining operator of typeW /Ä ÄVW
W Ä Ä. For any u g V, w g W, we haveÄ /Ä ÄVW
y1 ÄY u , z w s p Y u , z w .  .Ä ÄW
s py1cy1 Y D h , z u , z c w . . ÄÄW W W
s Ey h , z py1cy1cy1 Y c D h , z u , z D h , yz c w. .  .  .  . . ÄÄW W W V W
4.11 .
W
Then we obtain an intertwining operator of type . /Ä ÄVW
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Similar to Lemma 3.4 we have:
Ä ÄLEMMA 4.2. For a g V, u g V, w g W, w g W, we ha¨eÄ
Y c f a, z u s Ey y2h , z c c p Y a, z D y2h , yz u , 4.12 .  .  .  .  .ÄV V W W W
Y u , z w s Ey yh , z f Y fy1 u , z D yh , yz w , 4.13 .  .  .  . .W V
g y y1Y u , z w s y1 E yh , z c Y f u , z D yh , yz w. .  .  .  .Ä Ä .W V
4.14 .
 .Proof. Recall from Proposition 4.1 that I ?, z is an intertwining opera-
ÄÄ Wy1W  .tor of type . Then p I ?, z is an intertwining operator of type .W  / / VWVW
W y1  .  .Since I is one-dimensional and p I 1, z s id s Y 1, z , we getW W W /VW
y1  .  .p I ?, z s Y ?, z . ThusW W
Y a, z w s py1e z Ly1.cy1cy1eyz Ly1.Y c c p a , z D 2h , yz w. .  .  . .Ä ÄW W W W W V V 0
4.15 .
 .Therefore by Lemma 3.4
Y c c p a , z w s e z Ly1.c c eyz Ly1.p Y a, z D y2h , yz w .  .  . .Ä ÄW V V 0 W W W W
s Ey y2h , z c c p Y a, z D y2h , yz w. .  .  .ÄW W W W
4.16 .
ÄFor any u g V, w g W, using the first identity we obtain
Y u , z w s Ey h , z cy1 Y c f fy1 u , z D h , yz w .  .  . .W V V V
s Ey yh , z c p Y fy1 u , z D yh , yz w. 4.17 .  .  . .ÄW W V
Ä ÄSimilarly, for any u g V, w g W, we obtainÄ
Y u , z w s Ey yh , z Y fy1D h , z u , z D yh , yz c w .  .  .  .Ä Ä .V W
s zyg Ey yh , z Y D h , z fy1 u , z D yh , yz c w .  .  . Ä .V W
g y y1s y1 E yh , z c Y f u , z D yh , yz w. 4.18 .  .  .  .Ä .W V
Then the proof is complete.
w x w x w x.Recall D2 , FFR , FLM that a s-twisted V-module is a pair
  ..  .M, Y ?, z satisfying all conditions for a module except that Y a, z gM M
1r2 y1r2 .ww xxEnd M z , z for a g V and that the Jacobi identity is replaced
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by the twisted Jacobi identity
z y z z y z1 2 2 1y1 y1z d Y u , z Y ¨ , z y z d Y ¨ , z Y u , z .  .  .  .0 M 1 M 2 0 M 2 M 1 /  /z yz0 0
yrr2z y z z y z1 0 1 0y1s z d Y Y u , z ¨ , z 4.19 .  . .2 M 0 2 /  /z z2 2
r 0 1 Äfor u g V , where r s 0, 1 and V s V, V s V.
 .THEOREM 4.3. Let W be an irreducible V-module such that h 0 has only
Ähalf-integral eigen¨alues on W. Then W [ W is either a V-module or a
s-twisted V-module.
Proof. It is similar to the proof of Theorem 3.7. We need only prove
Ä Ä .the Jacobi identity for u, ¨ , w , where u, ¨ g V, w g W j W.
Case 1. w g W. By Lemma 4.2 we obtain
Y u , z Y ¨ , z w .  .1 2
g y y1s y1 E yh , z c Y f u , z D yh , yz .  .  . .1 W V 1 1
= Ey yh , z f Y fy1 ¨ , z D yh , yz w .  . .2 W V 2 2
gz2g y y1s y1 1 y E yh , z c Y f u , z .  .  .1 W V 1 /z1
= Ey yh , z D yh , yz f Y fy1 ¨ , z D yh , yz w .  .  . .2 1 W V 2 2
gz2g y ys y1 1 y E yh , z E yh , z c Y .  .  .1 2 W /z1
= D yh , z y z D h , z fy1 u , z .  . .1 2 1 V 1
= D yh , yz f Y fy1 ¨ , z D yh , yz w .  . .1 W V 2 2
gz2g y ys y1 1 y E yh , z E yh , z c Y .  .  .1 2 W /z1
= D yh , z y z D h , z fy1 u , z .  . .1 2 1 V 1
g y1= yz f D yh , yz Y f ¨ , z D yh , yz w .  .  . .1 W 1 V 2 2
g y ys z y z E yh , z E yh , z c f Y .  .  .1 2 1 2 W W
= D yh , z y z fy1 u , z Y D yh , yz q z fy1 ¨ , z .  . .  .1 2 V 1 1 2 V 2
= D yh , yz D yh , yz w. 4.20 .  .  .1 2
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Then
z y z1 2y1z d Y u , z Y ¨ , z w .  .0 1 2 /z0
z y z1 2y1 g y ys z d z E yh , z E yh , z c f Y .  .0 0 1 2 W W /z0
= D yh , z fy1 u , z .  . .0 V 1
= Y D yh , yz fy1 ¨ , z D yh , yz D yh , z w. 4.21 .  .  .  .  . .0 V 2 1 2
Symmetrically we have
z y z2 1y1z d Y ¨ , ¨ Y u , z w .  .0 2 1 /yz0
z y z1 2 gy1 y ys z d yz E yh , z E yh , z c f Y .  .  .0 0 1 2 W W /z0
= D yh , yz fy1 ¨ , z .  . .0 V 2
= Y D yh , z fy1 u , z D yh , yz D yh , yz w. 4.22 .  .  .  .  . .0 V 1 1 2
Therefore
z y z z y z1 2 2 1gy1 y1z d Y u , z Y ¨ , z w y y1 z d .  .  .0 1 2 0 /  /z yz0 0
=Y ¨ , z Y u , z w .  .2 1
z y z1 0y1 g y ys z d z E yh , z E yh , z c f .  .2 0 1 2 W W /z2
= Y Y D yh , z fy1 u , z D yh , yz fy1 ¨ , z C , .  .  .  . . .0 V 0 0 V 2
4.23 .
 .  .where C s D yh, yz D yh, yz w. On the other hand, we have1 2
z y z1 0y1z d Y Y u , z ¨ , z w . .2 0 2 /z2
z y z1 0y1 yg y y1s z d z Y E yh , z Y D h , z f u , z .  . .2 0 0 0 V 0 /z2
=D yh , yz c ¨ , z w .  . .0 V 2
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z y z1 0y1 y y ygs z d E yh , z E h , z z .  .2 1 2 0 /z2
= Y Y D h , z fy1 u , z D yh , yz c ¨ , z .  .  .  . . .0 V 0 0 V 2
= D h , yz D yh , y z q z w .  . .2 2 0
z y z2 0y1 y y gs z d E yh , z E h , z z .  .2 1 2 0 /z2
= Y c f Y D yh , z fy1 u , z D yh , yz fy1 ¨ , z .  .  .  . . .V V 0 V 0 0 V 2
= D h , yz D yh , y z q z w .  . .2 2 0
z y z1 0y1 y y gs z d E yh , z E yh , z z .  .2 1 2 0 /z2
= c f Y Y D yh , z fy1 u , z D yh , yz fy1 ¨ , z .  .  .  . . .W W 0 V 0 0 V 2
= D yh , z D yh , yz y z w. 4.24 .  .  .2 2 0
 .Suppose h 0 w s a w. Then
z y z1 0y1z d D yh , yz D yh , yz y z w .  .2 2 2 0 /z2
z q z2 0 yay1 qs z d yz y z D yh , yz E h , z q z w .  .  .1 2 0 2 2 0 /z1
z q z2 0 yay1 qs z d yz y z D yh , yz E h , z w .  .  .1 2 0 2 1 /z1
z q z2 0 a yay1s z d yz yz y z D yh , yz D yh , yz w .  .  .  .1 1 2 0 2 1 /z1
yaz q z z q z2 0 2 0y1s z d D yh , yz D yh , z w .  .1 2 1 /  /z z1 1
az y z z y z1 0 1 0y1s z d D yh , yz D yh , yz w. 4.25 .  .  .2 2 1 /  /z z2 2
Thus
z y z1 0y1z d Y Y u , z ¨ , z w . .2 0 2 /z2
z y z1 0y1 y y gs z d E yh , z q z E yh , z z .  .2 0 2 2 0 /z2
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= c f Y Y D yh , z fy1 u , z D yh , yz fy1 ¨ , z .  .  .  . . .W W 0 V 0 0 V 2
az y z1 0
= C. 4.26 . /z2
Thus
z y z z y z1 2 2 1gy1 y1z d Y u , z Y ¨ , z w y y1 z d .  .  .0 1 2 0 /  /z yz0 0
=Y ¨ , z Y u , z w .  .2 1
az y z z y z1 0 1 0y1s z d Y Y u , z ¨ , z w 4.27 .  . .2 0 2 /  /z z2 2
 .if h 0 w s a w.
Ä Ä ÄCase 2. w g W. Similarly, for u, ¨ g V, w g W, we haveÄ
Y u , z Y ¨ , z w .  . Ä1 2
s Ey yh , z f Y fy1 u , z D yh , yz .  . .1 W V 1 1
g y y1= y1 E yh , z c Y f ¨ , z D yh , yz w .  .  . Ä .2 W V 2 2
g y ys z y z f c E yh , z E yh , z .  .  .1 2 W W 1 2
= Y D yh , z y z fy1 u , z .  . .1 2 V 1
= Y D yh , yz q z fy1 ¨ , z D yh , yz D yh , yz w. .  .  . Ä .1 2 V 2 1 2
4.28 .
Then
z y z2 2y1z d Y u , z Y ¨ , z w .  . Ä0 1 2 /z0
z y z1 2y1 g y ys z d z f c E yh , z E yh , z .  .0 0 W W 1 2 /z0
= Y D yh , z fy1 u , z . .0 V 1
= Y D yh , yz fy1 ¨ , z D yh , yz D yh , yz w , 4.29 .  .  .  .Ä .0 V 2 1 2
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and
z y z2 1y1z d Y ¨ , z Y u , z w .  . Ä0 2 1 /yz0
z y z2 1 gy1 y ys z d yz f c E yh , z E yh , z .  .  .0 0 W W 1 2 /yz0
= Y D yh , yz fy1 ¨ , z . .0 V 2
= Y D yh , yz fy1 u , z D yh , yz D yh , yz w. 4.30 .  .  .  .Ä .0 V 1 1 2
Thus
z y z1 2 gy1 y1z d Y u , z Y ¨ , z w y y1 z d .  .  .Ä0 1 2 0 /z0
z y z2 2
= Y ¨ , z Y u , z w .  . Ä2 1 /yz0
z y z1 0y1 y ys z d f c E yh , z E yh , z .  .2 W W 1 2 /z2
= Y Y D yh , z fy1 u , z D yh , yz fy1 ¨ , z .  . . .0 V 0 0 V 2
= D yh , yz D yh , yz w. 4.31 .  .  .Ä1 2
On the other hand, using the calculation in Case 1, we obtain
z y z1 0y1z d Y Y u , z ¨ , z w . . Ä2 0 2 /z2
z y z1 0y1 y y gs z d E yh , z E h , z z .  .2 1 2 0 /z2
= Y c f Y D yh , z fy1 u , z D yh , yz fy1 ¨ , z .  . . .V V 0 V 0 0 V 2
= D h , yz D yh , y z q z w .  . . Ä2 2 0
z y z1 0y1 y y g y1s z d E yh , z E h , z z c .  .2 1 2 0 W /z2
= Y D h , z c f Y D yh , z fy1 u , z .  . . 2 V V 0 V 0
=D yh , yz fy1 ¨ , z . .0 V 2
= c D h , yz D yh , y z q z w .  . . ÄW 2 2 0
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z y z1 0y1 y y g y2g y1s z d E yh , z E h , z z z c .  .2 1 2 0 2 W /z2
= Y c f D h , z Y D yh , z fy1 u , z D yh , yz fy1 ¨ , z .  .  . . .V V 2 0 V 0 0 V 2
= c D h , yz D yh , yz q z w .  . . ÄW 2 2 0
z y z1 0y1 y y g y2gs z d E yh , z q z E yh , z z z .  .2 0 2 2 0 2 /z2
= c f Y D h , z Y D yh , z fy1 u , z .  . .W W 2 0 V 0
=D yh , yz fy1 ¨ , z D y2h , yz c G .  ..0 V 2 2 W
z y z1 0y1 y y gs z d E yh , z q z E yh , z z .  .2 0 2 2 0 /z2
= f Y D h , z Y D yh , z fy1 u , z .  . .W 2 0 V 0
 .h 0z q z2 0y1=D yh , yz f ¨ , z c G . .0 V 2 W /z1
z y z1 0y1 y y gs z d E yh , z q z E yh , z z .  .2 0 2 2 0 /z2
= f c Y Y D yh , z fy1 u , z D yh , yz fy1 ¨ , z .  . . .W W 0 V 0 0 V 2
 .h 0z q z2 0
= G, 4.32 . /z1
 .  .where G s D yh, yz D yh, yz w. Then the proof is complete.Ä1 2
5. REGULARITY OF THE EXTENDED VERTEX
OPERATOR ALGEBRA
In this section, in a somewhat more general context, we shall prove that
0 1any extended vertex operator algebra V s V [ V of a regular vertex
operator algebra V 0 by a simple current V 0-module V 1 is regular. Then it
follows that the extended vertex operator algebra V, constructed in Section
3, is regular.
Remark 5.1. Let V be a vertex operator algebra, let M be a V-module,
and let U be any subspace of M. Then it follows from the associativity
w x w x.DL , FHL that the linear span V ? U of all a U for a g V, n g Z is an
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 w x.submodule of M cf. Lemma 6.1.1 Li4 . Furthermore, if V is a simple
 .vertex operator algebra, then Y a, z u / 0 for 0 / a g V, 0 / u g M
w x  .DL . This is due to the fact that the annihilating space Ann u sV
  . 4a g V N Y a, z u s 0 is an ideal of V.
0 1From now on we assume that V s V [ V is a ¨ertex operator algebra
 . 0satisfying the following conditions: 1 V is a regular simple ¨ertex operator
1 0 1 0 .subalgebra of V and V is a simple current V -module. 2 a V : V forn
a g V 1, n g Z and V 1. V 1 / 0. Since V 1 ? V 1 is an ideal of V 0 and V 0 is
 . 1 1 0simple, it follows from 2 that V ? V s V .
0 1  .PROPOSITION 5.2. Let W s W [ W be a V-module such that 1
0 0 1 0  .W is an irreducible V -submodule and W is a V -submodule and 2
V 1 ? W 0 s W 1. Then W is an irreducible V 0-module and if W 0 is not V 0-1
1 0isomorphic to W , then W is an irreducible V-module, and if W is V -0
1isomorphic to W , then W is a direct sum of two irreducible V-modules, each
of which is V 0-isomorphic to W 0.
 .  . 1Proof. Let I ?, z ? be the restriction of Y ?, z ? on V = W so that0 M 0
W 1 .  .I ?, z is an intertwining operator of type . If I ?, z s 0, then it0 01 0 /V W
 .   . . 0follows from the Jacobi identity for Y ?, z and Y Y a, z b, z W s 0W M 0 2
1 1 1 0  . 0for any a, b g V . Since V ? V s V , we get Y a, z W s 0 for anyW
0  .  .a g V . It is a contradiction because Y 1, z s id / 0. Thus I ?, z / 0.W W 0
From Lemma 2.3, W 1 is an irreducible V 0-module.
 .  . 1  .Let I ?, z ? be the restriction of Y ?, z ? on V = W so that I ?, z is1 W 1 1
W 0  .an intertwining operator of type . Similarly, we have I ?, z / 0.11 1 /V W
If W 0 is not V 0-isomorphic to W 1, the irreducibility of W follows from
the argument in Remark 3.8. For the rest of proof, we assume that W 0 is
V 0-isomorphic to W 1. If f is a V 0-isomorphism from W 0 onto W 1, then
W 1 1 .fI ?, z f is a nonzero intertwining operator of type . Since V is a1 1 0 /V W
simple current V 0-module and both W 0 and W 1 are irreducible V 0-
W 1modules, from Lemma 2.3, the fusion of type is one. Then by1 0 /V W
multiplying a constant we may choose f satisfying
fI a, z f u s I a, z u for a g V 1 , a g W 0 . .  .  .1 0
That is,
fY a, z f u s Y a, z u for a g V 1 , a g W 0 . 5.1 .  .  .  .
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  .. 04   .. 04Set W s w q f w N w g W and W s w y f w N w g W . Then it0 1
 .follows from 5.1 that W and W are V-submodules of W and W is the0 1
direct sum of W and W . Since W and W are irreducible V 0-modules,0 1 0 1
they are irreducible V-modules. Then the proof is complete.
Next we classify all irreducible V-modules. It is clear that we have an
i i .  .  .involution s of V defined by s a s y1 a for a g V i s 0, 1 . For any
  ..   ..V-module M, Y ?, z , we have a V-module M, Y s ? , z . For conve-M M
nience, we denote this module by M s.
0LEMMA 5.3. If M is a V-module such that M is an irreducible V -module,
sthen M is not V-isomorphic to M.
sProof. Suppose M as a V-module is isomorphic to M, i.e., there is a
linear automorphism c of M satisfying
c Y a, z u s Y a, z c u for a g V , u g M , 5.2 .  .  .  . .M M
Äc Y a, z u s yY a, z c u for a g V , u g M . 5.3 .  .  .  . .M M
Since c is an automorphism of M as a V-module, by the Schur lemma
c s a id for some nonzero number a . Then we haveM
Äa Y a, z u s ya Y a, z u for a g V , u g M . 5.4 .  .  .M M
Ä .Thus Y a, z u s 0 for any a g V, u g M. It is a contradiction.M
PROPOSITION 5.4. Let M and M be V-modules such that M and M1 2 1 2
are isomorphic irreducible V 0-modules. Then M is isomorphic to either M or1 2
M s.2
y1  .Proof. Let f be a V-isomorphism from M onto M . Then f Y ?, z f1 2 2
M1 1is an intertwining operator of type . Since V is a simple current /VM1
V 0-module, the corresponding fusion rule is one, so that there is a nonzero
number a such that
Y a, z u s a fy1 Y a, z f u for any a g V 1 , u g M . 5.5 .  .  .  .1 2 1
Then
Y a, z Y b , z u s a 2 fy1 Y a, z Y b , z f u , 5.6 .  .  .  .  .  .1 1 1 2 2 1 2 2
Y b , z Y a, z u s a 2 fy1 Y b , z Y a, z f u , 5.7 .  .  .  .  .  .1 2 1 1 2 2 2 1
Y Y a, z b , z u s Y Y a, z b , z u 5.8 .  .  . .  .1 0 2 2 0 2
for any a, b g V 1, u g M . From the Jacobi identity we obtain a 2 s 1.1
sThus a s 1 or a s y1. Therefore M is isomorphic to either M or M .1 2 2
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PROPOSITION 5.5. Let W s W [ W and W s W [ W be two1 11 12 2 21 22
 .V-modules satisfying the following conditions: 1 W and W are irreducible11 21
0  . 0  .V -modules. 2 W is V -isomorphic to W . 3 a W : W , a W : W11 21 n i1 i2 n i2 i1
1  . 1for a g V , n g Z, i s 1, 2. 4 V ? W / 0 for i s 1, 2. Then W and Wi1 1 2
are isomorphic V-modules.
 .Proof. Let f be a V-isomorphism from W onto W . Since Y ?, z f1 11 21 2 1
W22   ..is an intertwining operator of type and W , Y ?, z is a tensor12 1Ä /VW11
Ä .  .product of V, W from Lemma 2.3 , there is a V-homomorphism f11 2
from W to W such that21 22
Y a, z f u s f Y a, z u for any a g V 1 , u g W . 5.9 .  .  .  .2 1 2 1 11
Let f s f [ f be the V 0-homomorphism from W to W . Then1 2 1 2
f Y a, z u s Y a, z f u for any a g V 0 , u g W , 5.10 .  .  .  . .1 2 1
f Y a, z ¨ s Y a, z f u for any a g V 1 , ¨ g W . 5.11 .  .  .  . .1 2 11
1  w x w x.For any a, b g V , u g W , from the associativity cf. DL , FHL we get11
f Y a, z Y b , z u s Y a, z Y b , z f u . 5.12 .  .  .  .  .  . .1 1 1 2 1 1 1 2
 .  .  .  .   . .Since Y a, z Y b, z f u s Y a, z f Y b, z u , we obtain1 1 1 2 1 1 1 2
f Y a, z Y b , z u s Y a, z f Y b , z u . 5.13 .  .  .  .  . .  .1 1 1 2 1 1 1 2
Since W is irreducible, W is linearly spanned by all the coefficients of12 12
 .Y b, z u for b g V , u g W . Therefore we get1 1 11
f Y a, z ¨ s Y a, z f ¨ for any a g V 1 , ¨ g W . 5.14 .  .  .  . .1 2 12
Then f is a V-homomorphism from W to W . It is clear that f is an1 2
isomorphism because each W is an irreducible V-module.i j
0THEOREM 5.6. If the ¨ertex operator algebra V is regular, then V is
regular and any irreducible V-module is isomorphic to one of those obtained in
Proposition 5.2.
0Proof. Since V is regular, any V-module M is a direct sum of
irreducible V 0-modules. Let W 0 be any irreducible V 0-submodule of M.
0 0 0From Remark 3.8, V ? W is a V-submodule of M and V ? W s W q
1 0 1 0 0 0V ? W . If V ? W : W , then W s W is an irreducible V-submodule of
1 0 0 0 0 1 0 1 0M. If V ? W ­ W , then V ? W s W [ V ? W and V ? W / 0. By
0Proposition 5.2, V ? W is a completely reducible V-module. Thus we have
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proved that any irreducible V 0-submodule W 0 is contained in a direct sum
of irreducible V-modules. Therefore, M is a direct sum of irreducible
V-modules.
Let us return to the case for an affine Lie algebra g.Ä
THEOREM 5.7. Let l be a positi¨ e integer and let l be a cominimal weighti
 .  :such that L l, ll is self-dual and that g s l l , l is an integer. Theni i i
 .  .L l, 0 [ L l, ll is a regular ¨ertex operator algebra if g is e¨en andi
 .  .L l, 0 [ L l, ll is a regular ¨ertex operator superalgebra if g is odd.i
 .  .Proof. It is clear that L l, 0 is self-dual for any l. Since L l, lli
is self-dual, there is a nonzero intertwining operator of type
 .L l , 0  . . Because L l, ll is a simple current by Propositioni / .  .L l , ll L l , lli i
Ä.  .  .  .2.6 , by Proposition 2.4 4 , L l, ll is isomorphic to L l, 0 . Then it followsi
from Theorem 3.7 immediately.
 4Next we go back to a specific example. Let e, f , h be a basis for s l 2
w x w x w xsuch that h, e s e, h, f s yf , e, f s h. Let s l be the affine LieÄ 2
algebra with respect to the normalized Killing form such that the square
1  .length of h is . For any complex numbers l and j, denote by L l, j the2
irreducible highest weight module of level l with lowest weight 2 j or with
w x w x w x.spin j for s l . It is well known DL , FZ , Li2 that if l is a positiveÄ 2
  . 4integer, the set L l, j N 2 j g Z , 2 j F l of all standard s l -modules ofÄq 2
 .level l is the set of equivalence classes of irreducible L l, 0 -modules. As
 . w xmentioned in Section 2, L l, 0 was proved in DLM2 to be regular.
 .  .  .COROLLARY 5.8. a L l, 0 [ L l, 2k has a natural ¨ertex operator
 .  .algebra structure if l s 4k for k g Z and L l, 0 [ L l, 2k has a naturalq
 .¨ertex operator superalgebra structure if l s 2 2k q 1 for k g Z .q
 .  .  .b Let l s 2k for k g Z . Then the spaces L l, j [ L l, 2k y j forq
 .  .sj g Z, 0 F j - k, L l, k , and L l, k , ha¨e natural irreducible module
 .  .  .structures for the ¨ertex operator super algebra L l, 0 [ L l, 2k .
 .  .  .c Let l s 2k for k g Z . Then the spaces L l, j [ L l, 2k y j forq
1j g q Z, 0 F j - k, ha¨e natural irreducible s-twisted module structures2
 .  .  .for the ¨ertex operator super algebra L l, 0 [ L l, 2k , where s is the
< <order-two automorphism such that s s id, s s yid.L l, 0. L l, 2 k .
 .  .d Let l s 2k for k g Z . Then the ¨ertex operator super algebraq
 .  .  .  .L l, 0 [ L l, 2k is regular and any irreducible module for L l, 0 [ L l, 2k
 .is isomorphic to one of the modules in b .
1 1 :  :Proof. Since h, h s , we get g s l h, h s l. Then it immediately2 2
follows from Theorem 3.7.
 w x.Remark 5.9. In the physical references cf. MS , the existence of
 .twisted modules in Corollary 5.8 c was neglected.
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